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S o b o l e v  n o r m  e r r o r  b o u n d s  a r e  d e r i v e d  f o r  i n t e r p o l a t i o n  
r e m a i n d e r s  o n  t r i a n g l e s  u s i n g  t w o  t y p e s  o f  T a y l o r  e x p a n s i o n .     
T h e s e  b o u n d s  a r e  a p p l i e d  t o  t h e  f i n i t e  e l e m e n t  a n a l y s i s  o f    
P o i s s o n ' s  e q u a t i o n  o n  a  t r i a n g u l a t i o n  o f  a  p o l y g o n a l  r e g i o n .
1. INTRODUCTION 
 
I n  t h i s  p a p e r  w e  c o n s i d e r  t w o  m e t h o d s  o f  c a l c u l a t i n g     
Sobolev  norm bounds  for  l inear  func t iona ls  def ined  on  a  t r iangle . 
T h e s e  a r e  b a s e d  o n  a  r e c t i l i n e a r  T a y l o r  e x p a n s i o n  a n d  a  d i r e c t i o n a l  
d e r i v a t i v e  T a y l o r  e x p a n s i o n ,  r e s p e c t i v e l y .  T h e  f i r s t  i s  a  
genera l i sa t ion  o f  the  Sard  Tay lor  expans ion  in   fo r  r ec tang les  [8 ] .  
1,1
B=
The  second  i s  a  spec ia l  case  o f  the  Freche t  de r iva t ive  expans ions  o f  
Ciar le t  and  Wagschal  [5]  and  Ciar le t  and  Raviar t  [6] .  
 
We app ly  these  methods  to  the  f in i t e  e lement  ana lys i s  o f  Po i s son ' s  
equa t ion  on  a  po lygonal  reg ion  Ω . The energy  pseudonorm     )(||v|| ΩA
i s  def ined  by  
dydx21,0v
2
0,1vv
2
)(A ∫∫
Ω
Ω ⎥⎦
⎤⎢⎣
⎡ +=        (1.1) 
I f  u  i s  t h e  w e a k  s o l u t i o n  o f  P o i s s o n ' s  e q u a t i o n ,  t h e n  t h e         
Ga le rk in  approx imat ion  U to  u  sa t i s f i e s  the  bea t  approx imat ion    
p roper ty  
 
)(A||u
~u||)(A||Uu|| Ω−≤Ω−       (1.2) 
 
f o r  a l l  u~  i n  t h e  s a m e  s u b s e t  o f  t h e  S o b o l e v  s p a c e   a s  U .    )(12W Ω
( S e e ,  f o r  e x a m p l e ,  B a r n h i l l  a n d  G r e g o r y  [ 1 ] . )  F o r  a  t r i a n g u l a t i o n  
 ,iTi
U=Ω
.}
i
||Uu||{)(AUu
2
1
2
)iT(A
∑ −=Ω−    ( 1 . 3 )  
2. 
 
u~I f   I s  a n  i n t e r p o l a n t ,  I n e q u a l i t y  ( 1 . 2 )  i s  t h e  r e l a t i o n s h i p  
b e t w e e n  i n t e r p o l a t i o n  r e m a i n d e r  t h e o r y  a n d  t h e  G a l e r k i n  m e t h o d .  
W e  l e t  u~  b e  t h e  p i e c e w i s e  l i n e a r  i n t e r p o l a n t  t h a t  i n t e r p o l a t e s  
t o  u  a t  t h e  v e r t i c e s  o f  t h e  s u b  t r i a n g l e s  a n d ,  i n  p a r t i c u l a r  o n  
t h e  t r i a n g l e  T  w i t h  v e r t i c e s  a t  ( 0 , 0 ) ,  ( l , 0 )  a n d  ( 0 , 1 ) .  A  
c h a n g e  o f  v a r i a b l e  t o  s i m i l a r  t r i a n g l e s ,  i n d i c a t i n g  t h e  o r d e r  o f  
c o n v e r g e n c e ,  i s  g i v e n  i n  t h e  A p p e n d i x .  
T h e  t w o  m e t h o d s  c a n  b e  g e n e r a l i z e d  t o  h a n d l e  h i g h e r  o r d e r  
e l l i p t i c  o p e r a t o r s ,  d i f f e r e n t  r e g i o n s ,  a n d  o t h e r  i n t e r p o l a n t s .  
 
 
2. RECTILINEAR TAYLOR EXPANSION IN A TRJANGLE . 
 
L e t  Ω  b e  a  r e c t a n g l e  w i t h  ( a , b )  ∈  Ω  .  F o r  u  i n  t h e  S a r d  
s p a c e   a n d  ( x , y )  ∈  Ω ,  t h e  S a r d  T a y l o r  e x p a n s i o n  i s  t h e  )(1,1B Ω=
fo l l o w i n g :  
)b,a(1,0u)by()b,a(0,1u)ax()b,a(u)y,x(u −+−+=  
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∫ −+ yb .y~d)y~,a(2,0u)y~y(        (2.1)  
 
L e t  L  b e  a  l i n e a r  o p e r a t o r  t h a t  i n v o l v e s  o n l y  p o i n t  e v a l u a t i o n s  
3. 
 
o f  a  f u n c t i o n  a n d  i t s  f i r s t  p a r t i a l  d e r i v a t i v e s ,  t h a t  i s ,  
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T h e  r e m a i n d e r  i s  R  =  I  -  L ,  w h e r e  I  i s  t h e  i d e n t i t y  o p e r a t o r ,  
t h a t  i s ,  
 
R  u  ( x , y )  =  u  ( x , y )  -  L  u  ( x , y )  .      (2.3) 
 
Also  l e t  
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uL ij
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T h e n   c a n  b e  a p p l i e d  t o  ( 2 . 1 )  a n d ,  i f   h a s  l i n e a r  j,iR j,iR
p o l y n o m i a l  p rec i s ion ,  upper  bounds  can  be  found  fo r  
,)b,x~(u 0,2| [ u ( x , y ) ] |  i n  t e r m s  o f  n o r m s  o f  t h e  d e r i v a t i v e s  j,iR   
,)y~,x~ )y~,a(u 2,0(u 1,1  an d  [ 1  , 2 ] ,   f o r  e x a mp l e ,  i n  t e r ms  o f  
4. 
 
,1,1,2 )y~,x~(2L)x
~(L0,2 ||)y ,
~,x~(u||||)b,x~(u||  and 
 
)x~(L2)y~(L2,0 2)y
~  . (The notation ,a(u
m e a n s  t h e  L 2  n o r m  w i t h  r e s p e c t  t o  t h e  v a r i a b l e  x~  o v e r  i t s  d o m a i n   
o f  d e f i n i t i o n  e t c . ) S i n c e  t h e  n o r m s  o f  )b,x~(u 0,2 )y~,a(u 2,0 a n d    
x~ y~a r e  t a k e n  o n l y  w i t h  r e s p e c t  t o   a n d   r e s p e c t i v e l y ,  t h i s  u p p e r  
b o u n d  i s  n o t  t h e  S o b o l e v  n o r m   d e f i n e d  b y  )(W
o 2
2 Ω
 
,||uD||||u||
2
1
)(W
}{ 2 )(2L2
2
2
o Ω=α
α∑=Ω      (2.5) 
  F o r  s o m e  a p p l i c a t i o n s ,  s u c h  w h e r e   a n d  ),( 21 αα=α .21 α+α=α
a s  f i n i t e  e l e m e n t  a n a l y s i s ,  t h e  S o b o l e v  n o r m  i s  p r e f e r a b l e  t o  
t h e  S a r d  n o r m .  
 
B i r k h o f f ,  S c h u l t z  a n d  V a r g a  [ 3 ]  u s e d  t h e  S a r d  k e r n e l  t h e o r e m  
i n s t e a d  o f  t h e  T a y l o r  e x p a n s i o n ,  a n d  a l s o  t h e y  e v a l u a t e d   T h e n  t h e y  v a r i e d  ( a , b )  o v e r  t h e  ).b,a()y,x(at])y,x(u[R j,i =
r e c t a n g l e  t o  p r o d u c e  a  S o b o l e v  n o r m  i n  t h e  v a r i a b l e s  a  a n d  b .  
However ,  th i s  method  i s  r es t r i c ted  to  rec tang les  as  we  now exp la in . 
We cons ider  a  reg ion  Ω  t ha t  i s  no t  necessa r i ly  a  r ec tang le .  For  e a c h       
po in t   in  (2 .2) ,  the  method of  Bi rkhoff ,  Schul tz  and  Varga )y,x( k l
y i e l d s  e r r o r  b o u n d s  t h a t  i n v o l v e  t h e  v a l u e s  o f  d e r i v a t i v e s  i n  t h e  
r e c t a n g l e  w i t h  o p p o s i t e  c o r n e r s  a t   a n d  ( a , b ) ,  w h e r e  )y,x( k l
  
5. 
 
( a , b )  v a r i e s  o v e r  Ω  F o r  m o s t  c o m m o n  b i v a r i a t e  i n t e r p o l a n t s 
t h i s  a m o u n t s  t o  t h e  a s s u m p t i o n  t h a t  0  b e  a  r e c t a n g l e .  
 
T h u s  ( a , b )  c a n  e i t h e r  b e  f i x e d  t o  p r o d u c e  u n i v a r i a t e 
i n t e g r a l s  o r ,  f o r  a  r e c t a n g l e ,  ( a , b )  c a n  b e  v a r i e d  o v e r  t h e  
r e c t a n g l e  t o  p r o d u c e  b i v a r i a t e  i n t e g r a l s  a n d  a  S o b o l e v  n o r m .      
W e  c o n s i d e r  t h e  s e c o n d  p o s s i b i l i t y  o v e r  a  n o n - r e c t a n g u l a r  r e g i o n ,  
n a m e l y ,  t h e  t r i a n g l e  T  w i t h  v e r t i c e s  a t  ( 0 , 0 ) ,  ( 1 , 0 )  a n d  ( 0 , 1 ) .  
 
 b e  s u b s e t s T h e o r e m  2 . 1 .  L e t  ( a , b )  ∈  T  a n d  l e t  A ,  A  a n d  A1 2 3
o f  T  a s  f o l l o w s :  
,}a1y:T)y,x{(A,}b1x:T)y,x{(A 32 −>∈=−∈ >=   
a n d  A  =  T  -   ( S e e  F i g u r e  1 ) .  .)AA( 21 U
 
Figure 1. 
6. 
 
 
L e t   ( x , y )  d e n o t e  t h e  c h a r a c t e r i s t i c  f u n c t i o n  
iA
X
impliesT)y,x(Then.
otherwise,0
A)y,x(,1
)y,x( i
iA
∈
⎩⎨
⎧ ∈=X  
that  
)b,a(u)by()b,a(u)ax()b,a(u)y,x(u 1,00,1−+= + −  
 
y~dx~d)y~,x~(ux~d)b,x~(u)x~x()y,x(
1A
x 1,1
y
b
x
a0,2
x
a
[ ∫ ∫∫ +−+  
 
]y~d)y~,a(u)y~y( 2,0
y
b∫ −+  
 
⎢⎣
⎡ −+−+ ∫ ∫∫ xa x
~
a 0,22,0
y
bA
x~d'dx)x~1,'x(uy~d)y~,a(u)y~y()y,x(x
2
 
 
]x~dy~d)y~,x~(1,1ux~d*dy*)y,a(1,1u
x
a
x
a
y
x~1
x~1
b∫ ∫ ∫∫ −
− ++      
 
⎢⎣
⎡ ++ ∫ ∫∫ −yb y
~1
a 1,1
x
a3A
y~dx~d)b,x~(ux~d)b,x~(u)x~,x()y,x(x 0,2   
 
]∫ ∫∫ ∫ −++ −
y
b
y~
b
y
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y~d'dy)'y,y~1(2,0uy
~dx~d)y~,x~(1,1u    (2.6) 
 
 
W e  a s s u m e  t h a t  t h e  d e r i v a t i v e s  i n  ( 2 . 6 )  e x i s t ,  i n  t h e  g e n e r a l i z e d  
s e n s e .
7. 
 
P roor : For  (x ,y )  ∈  A  ,   (2 .6 )  i s  the  usua l  Sard  Tay lor  expans ion  1
(2 .1 ) . For  (x,y) ∈ A , 2
,x~d)y,x~(u)y,a(u)y,x(u
x
a 0,1∫+=  
.y~d)y~,a(u)y~y()b,a(1,0u)by()b,a(u)y,a(u 2,0
y
b∫ −+−+=  
W e  m a k e  t h e  f o l l o w i n g  e x p a n s i o n s  ( c o m p a r e  w i t h  F i g u r e  2 ) :  
∫ −+−=
y
x~1
y~d)y~,x~(1,1u)x
~1,x~(0,1u)y,x
~(0,1u  
∫ −+−=− x
~
a
'dx)x~1,'x(0,2u)x
~1,a(0,1u)x
~1,x~(0,1u  
∫ −+=− x~1b .*dy*)y,a(1,1u)b,a(0,1u)x~1,a(0,1u  
 
Hence 
 
u  ( x , y )  =  u  ( a , b )  +  ( x  -  a )  u 1 , 0  ( a , b )  +  ( y - b )  u 0 , 1  ( a . b )  
 
∫ ∫∫ −+−+
x
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y
x~1
y
b
x~dy~d)y~,x~(1,1uy
~d)y~,a(2,0u)y
~y(        
.
x
a
x~1
b
x~
a
x
a
x~d*dy)*y,a(1,1ux
~d'dx)x~,1,'x(2,0u ∫ ∫∫∫ −+−+  
 
The proof  for  (x ,y)  ∈  A ,  is  dual .     Q.E.D. 3
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Figure 2. 
 
LINEAR INTERPOLATION ON THE TRIANGLE
I n  t h i s  s e c t i o n ,  t h e  T a y l o r  e x p a n s i o n  ( 2 . 6 )  i s  u s e d  t o  
d e r i v e  a  b o u n d  o n  t h e  l i n e a r  i n t e r p o l a n t  o v e r  t h e  t r i a n g l e  T ,     
i n  t h e  e n e r g y  p s e u d o n o r m ( 1 . 1 ) .  
 
T h e  r e m a i n d e r  f o r  l i n e a r  i n t e r p o l a t i o n  o n  T  e v a l u a t e d 
a t  ( a , b )  i s  
 
R  u ( a , b )  =  u ( a , b ) -  [ u ( 0 , 0 ) ( l - a - b ) -  u ( l , 0 ) a -  u  ( 0 , 1 ) b ]   (2.7) 
 
Hence 
 
R 1 ,  0  u ( a , b )  =  u  ( a , b )  +  u ( 0 , 0 )  - u ( l , 0 )     (2.8)  l  ,  0
 
 
R  0 ,  1  u ( a , b )  =  u  0 ,  1  ( a , b )  +  u ( 0 , 0 )  - u ( 0 , 1 )     (2.9)
9. 
 
 
R1 , 0  and R  are of finite element interest because of 0 , 1
(1.2) and (1.1) and with ũ  as the above linear interpolant 
we have 
 
( ) { }212 )T(2L1,02 )T(2L0,1TA ||uR||||uR||||u~u|| +=−  .   (2.10) 
 
The application of R  to (2.6) yields 1 , 0
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The notation L (a,b) means the L  norm with respect  to  the 2 2
var iab les  (a ,b)  ever  the  t r iangle  T .  We next  compute  upper  
bounds for each of  the five norms on the right hand side  of (2.11). 
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Let r' = p'/2, which implies r = p / ( 2 - p )  and hence  1  ≤ p ≤ 2   and p' ≥ 2. 
 
Then the above is bounded by 
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The univariate integral in (2.13) equals ,),3(B p
2
p
2+  where 
B(m,n), m, n > 0, is the beta function, which has the properties 
that if m and n are integers, 
then 
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2nd term : 
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3rd term : 
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4th term: 
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The integral  with the change of variable ∫ δα−10 ,dx)x1(
)1,1(B1 α+δα
αx  = u, equals  .  Hence the above is bounded by 
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13. 
5th term : 
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)b,a(2L
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Therefore, from (2.12) - (2.17) with p = 2, we obtain the 
following norms over the triangle T : 
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3. DIRECTIONAL DERIVATIVE TAYLOR EXPANSION
 
We consider Taylor expansions at the point (x,y) about 
the point (a,b) along the line between (x,y) and (a,b).  
14. 
 
For example 
 
 )b,a(1,0u)by()b,a(0,1u
)ax()b,a(u)y,x(u = + − + −
 
  ∫ −+−+−+ 10 )]by(b),ax(a[0,2u2)ax([ θθ
 
[ ])by(b),ax(a1,1u)by)(ax(2 −+−+−−+ θθ  
 
[ .d)1()by(b),ax(a2,0u)by( 2 θθθθ −−+−+−+ ]  (3.1) 
 
Fo r  r ema inde r s  R  o f  t he  fo rm (2 .4 )  eva lua t ed  a t  ( a , b ) ,  i  , j
e a ch  po in t  f unc t i on  eva lua t i on  and  de r iva t i ve  eva lua t i on  i s  
expanded  i n  a .  l i ne  Tay lo r  expans ion  abou t  ( a , b ) .  Th i s  i s  
t he  s ame  a s  app ly ing  R  t o  t he  Tay lo r  expans ion  i f  R   i  , j i  , j
doe s  no t  con t a in  de r i va t i ve s  a t  po in t s  o the r  t han  ( a , b ) .  
I f  R   ha s  de r i va t i ve s  a t  po in t s  o the r  t han  ( a , b ) ,  i  , j
t h e  above  i s  nece s sa ry  s i nce  t he  d i r ec t  app l i c a t i on  o f  
R i  , j  t o  ( 3 . 1 ) ,  f o r  example ,  wou ld  i nvo lve  de r i va t i ve s  o f  
u  ,  u2 , 0 1 , 1  a n d  u 0 , 2  .  T h i s  o c c u r s  b e c a u s e  t h e  v a r i a b l e s  
x  a n d  y  a r e  n o t  c o v e r e d  b y  i n t e g r a l s .  T h i s  i s  i n  c o n t r a s t  
t o  t he  r e c t i l i nea r  expans ion  i n  wh ich  t he  va r i ab l e s  a r e  
 
 
 
*  An  example  t ha t  i nvo lve s  de r i va t i ve  da t a  f unc t i ona l s  i s  
t he  p i ecewi se  qu in t i c  i n t e rpo l an t ,  s ee  fo r  example  
M i t c h e l l  [  7  ] ,  wh i c h  i s  u s e fu l  fo r  fo u r t h  o r d e r  e l l i p t i c  
equa t i ons .
15. 
cove red .  The  u se  o f  h ighe r  de r i va t i ve s  o f  u  i s  undes i r ab l e  
because  i t  i n c r ea se s  t he  smoo thnes s  a s sumpt ion .  
 
The  above  me thod  i s  app l i c ab l e  t o  r eg ions  wh ich  a r e  s t a r  
shaped  wi th  r e spec t  t o  t he  da t a  func t i ona l s  i n  t he  ope ra to r s  
L  (2 .4 ) .  Tha t  i s ,  f o r  e ach  ( a , b )  i n  Ω  t h e  l i ne  f r om i ,  j
( a , b )  t o  ( x ,  )  i s  i n  Ω  .  lyk
 
 
LINEAR INTERPOLATION ON A TRIANGLE 
A bound  i s  now de r ived  on  t he  l i nea r  i n t e rpo l an t  ove r  t he   
t r i ang l e  T  i n  t he  ene rgy  paeudonorm (1 .1  ) ,  c . f .  Sec t i on  2 .  
 
A  Tay lo r  expans ion  o f  e ach  t e rm o f  t he  func t i ona l  
R  u ( a ,b ) ,  equa t i on  (2 .8 ) ,  g ive s  t he  fo l l owing  :  1 , 0
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2)a1({ θθθθ  
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2b } −−−++     (3.2) 
 
( We  n o t e  t h a t  t h e  l i n e a r  p r e c i s i o n  o f  t h e  fu n c t i o n a l  i mp l i e s  
t h a t  a l l  b u t  t h e  i n t e g r a l  r e ma i n d e r  t e r ms  t o  z e r o  . )  
 
A  bound  on   i s  ob t a ined  f rom (3 .2 )  by  t he  )b,a(2L
||)b,a(uR|| 0,1
app l i c a t i on  o f  t he  t r i ang l e  i nequa l i t y  t o  t he  r i gh t  hand  s i de .  
16. 
T h e  f i r s t  t e r m i n  t h e  r e s u l t  i s  t h e  fo l l o wi n g :  
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Equa t i on  (3 .3 )  t oge the r  w i th  a  s imi l a r  cons ide r a t i on  o f  t he  o the r 
t e r ms  r e q u i r e  t h e  fo l l o wi n g  r e s u l t s  :  
17 .  
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where B (m,n) is  the beta function defined in Section 2,  
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18. 
 
 
 
We then  ob ta in  the  fo l lowing  bound :  
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The norm  is  dual  to  )b,a(
2L
||)b,a(u1,0R|| )b,a(2L
||)b,a(u1,0R||  
With p '  = p  = 2 we obtain the fol lowing bound :  
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Appendix : Change of  Variable  Formula
 
L e t  x *  =  h x ,  y *  =  h y  b e  a  c h a n g e  o f  v a r i a b l e  f r o m  t h e  
t r i a n g l e  T  w i t h  v e r t i c e s  a t  ( 0 , 0 ) ,  ( 1 , 0 )  a n d  ( 0 , 1 )  t o  t h e        
triangle T* with vertices at (0,0),  (h,0) and (0,h).  
 
Then 
 
⎟⎠
⎞⎜⎝
⎛≡
h
*y,
h
*xu*)y,*x(*u  
 
d e f i n e s  t h e  t r a n s f o r m a t i o n  o f  a  f u n c t i o n  u ( x , y )  d e f i n e d  o n  T ,  t o 
a funct ion  u*  (x*  ,  y*)  def ine  on  T*.  
Thus 
⎟⎠
⎞⎜⎝
⎛≡ + h
*y,
h
*xu
h
1*)y,*x(j,i*u j,iji  
and hence 
 
∫ ∫ ∫∫ −− +=1
0
h
0
*)y1(h
0
y1
0
*dy*dx2h
1p|*)y*,x(j,i*u
jih|dydx
p
|)y,x(j,iu|  
 
We thus obtain the following change of variable formula : 
 
    )*T(pLj,i
p/2ji
)T(pLj,i ||)*y,*x(*u||h||)y,x(u||
−+=
We note the dependence of the order of h on p. 
A  genera l  change  o f  va r iab le  fo r  t r i ang les  i s  g iven  in  Bramble 
and Zlamal  [4 ] .  
20. 
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